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Problem A: Environmental Quality and Flow Policies
Context: The problem considers a social planner maximizing an objective
function that depends on consumption and environmental quality. The
evolution of environmental quality follows a dynamic equation, and the
planner chooses consumption over time.

Objective Function:

max
c(t)

∫ →

0
e↑ωt [ω ln c(t) + (1 → ω) ln S(t)] dt

where ω ↑ (0, 1), ε > 0, and

Ṡ(t) =

(
1 → S(t)

2

)
S(t)→ c(t), c(t) ↓ 0, S(t) ↓ 0.
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Problem A: (a) Hamiltonian Formulation
Question: Write the current value Hamiltonian associated with the
optimization problem for the planner, and indicate the state variable and the
control variable(s). Define the co-state variable µ(t).
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F = on((t) + (1 - u) In S(t) + M(t) [11-S)S(t)
- ((t)]

control : ((t)
state : S(t)

co-state : M(t)



Problem A: (b) Optimality Conditions
Question: Obtain the optimality conditions for the control, the co-state,
and the state variables. Explain how you can determine the transversality
condition. Provide an economic interpretation of the co-state variable.

max
c(t)

∫ →

0
e↑ωt [ω ln c(t) + (1 → ω) ln S(t)] dt

Ṡ(t) =

(
1 → S(t)

2

)
S(t)→ c(t), c(t) ↑ 0, S(t) ↑ 0.
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control : ((t)
state : S(t)

co-state : M(t)

rx(),
S(t)

↑

F = on((t) + (1-u) In S(t) + M(t) [11-S)S(t)
- ((t)]

(C) = M(t)

(5) ri(t)-pult) = - #
,

=) ilt)-pM(t) =
-[ + ut) - utS(t)]

(M) j(t) = (1 = St)) S(t) - ((t)

ITVc)him
cult)St = 0i hm eu)



Problem A: (c) Steady State Analysis
Question: Define the steady state S↓ > 0 such that Ṡ = 0. Characterize
the steady state. Does it always exist? Is it unique? Can the steady state be
S↓ > 2? Explain and show your work.
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① 50 S=S -

[

C

(M) j(t) = (1 = St)) S(t) - ((t)

50 = (1-
- xt)

((t) = (1
- Es * 562 ② Cht) = CACC

-2
= 0 = i = 0 + u = 0 =-I

(5) ③↳ =M

(s) i(t)-pM(t) =
-[ + ut) - ut)S(t)] (2)

0 - pu = -

[ + u
-

us]= pr
= 10 + u -u



Putting (1) and (2) together you'll reach an equation of the form :

(1) =2

m

⑤ mst

·:o I

!
S

St
-if this is smalle than 2, 10 .

W . / slors)
F a unique S.

S. for S !



Problem A: (d)-(e) Decentralized Version
Setup: The decentralized version corresponds to a representative household
maximizing the same objective function but with Z (t) instead of S(t).

Objective Function:

max
c(t),x(t)

∫ →

0
e↑ωt [ω ln c(t) + (1 → ω) lnZ (t)] dt

The system evolves as:

Ṡ(t) =

(
1 → S(t)

2

)
S(t)→ x(t), c(t) = x(t)(1 → ε(t)) + T (t).

Question: Write the present value Hamiltonian and derive the optimality
conditions. Define the co-state variable ϑ(t).
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9 (x(t),y(t), t)
=i · g(x (t) ,y(t)

=et(x(+ ) ,y(t)



Elt) : co-shet

- X(t) : control

S(t) : Shete

H = cit/ o m(x(t)(1-[(t) + T(t)] + 11-0) mElt)]
-m

C(t)
+ O(t)[(S(t) - C - x(t)]

(x) ePto ll-t)
= OL

(5) E(t) =
- [P(t) - O(t)S(t)]

(O) j(t) = (1 - (D) SIE) - X(A)

Grc)1 "



Problem A: (f) Planner vs Decentralized Outcomes
Question: Compare the optimality conditions of the decentralized version
and the social planner. How do they di!er? In which case is S in steady
state higher or lower? Explain.
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[(t)= T(t) =0

Assume T(t) = T(t) = 0

(x) becomesit = O came
as before
Is

Now we will by to solve for the S
.
S. for S.

① 5 = 0 : (0) 0 = (1 - 3)s - X(t) = Nt) = (1
--)S

↳
go we learn that if s is in ss,

X(t) does not depend on t
,

hence

its on SS.

Does X = 0 buy us= 0 ? No it

()it = O(t) : still theres at

We'll follow a different route

② from (x) T without imposing i= 0] : Elt)=) =-pe-X



Problem A: (f) Planner vs Decentralized Outcomes
Question: Compare the optimality conditions of the decentralized version
and the social planner. How do they di!er? In which case is S in steady
state higher or lower? Explain.
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... ② it) = -ep+ /Recall O(t) =e
X(t)

- O(t) both sides

= - [p
Now bring (s) on : Elt) = - 10H) - OCHSI) 1 = Oct)

= -(1-S

So for any linss or not) ,
the hollowing holds :

p + X = - 1 - S(t)

Lastly , impose 5 = 0 = SH) = S ; XIt) = 0

P
= - (1 - SS)

~

gss = p + 1/



Problem A: (f) Planner vs Decentralized Outcomes
Question: Compare the optimality conditions of the decentralized version
and the social planner. How do they di!er? In which case is S in steady
state higher or lower? Explain.
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SP =

p + 1

= solution to 11-(p)S

I would expect SP < SP because consumer does not internalize

the feat that they consumption affects Elt)
,

then they "over consume."

But this difference will depend on o and p .

For instance
, the

difference fades as -1
, meaning we value les Slt)/Elt) ,

so the

externality is les relevant.

Numerical Example :

Take P = 0 (very patient consumen] ,
0 = 0 .5 came value for C(t) and SC)/ECt)

Then SPEY SB I



Problem A: (g) Policy Intervention in Decentralization
Question: Can a tax (or subsidy) ω(t) align the decentralized solution with
the social planner’s allocation? Why or why not?
Use the condition T (t) = ω(t)x(t) to ensure budget balance.
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EPto (1-T(t)) = OE) : Tax DO desincentivize

consumption.

But is it enough to correct the distortion ? No.

It is sufficient to show that the tax does not work to implement the

steadyState SP
, and if E= 0

,
it doesn't impact the ss.

Key Take-away : Tax to flow cannot correct the externality ; we need a low

of motion for TCt) !



Problem B: Lucas Trees in Finite Time
Context: The problem considers an economy with two agents, i = {A,B},
who live for two periods (t = 1, 2).
The economy has two trees that produce stochastic output, and agents
trade assets competitively in markets.
Both agents maximize expected present value of lifetime utility with
logarithmic preferences and discount factor ε → (0, 1).

Stochastic Output:

Tree 1: y1(s) = 1 + s, Tree 2: y2(s) = 2(1 ↑ s),

where s takes values 0 or 1 with equal probability.

Notation:

↭ Agents trade assets at market prices P1
t and P2

t .
↭ Denote the holdings of Tree 1 by agent i at the beginning of time t as

z i1,t , and for Tree 2 by z i2,t .
↭ The total existing stocks for each tree are normalized to 1.
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12

Pr Py



Problem B: (a) Budget Constraint
Question: Write the t = 1 and t = 2 budget constraints for agent i .
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URCES YES
1

t= 1 z (P+ 1) + z21(p?+ 1) = c + ziz. + zip

t= 2 zizy(s) + z2
,
2 yY(s) = (2(5)s = 10, 1)

i = (A , By
Two budgets constraints in te2

,
one for 50 and one for s

if S = 0 : zir + zin : 2 = ((0)
i

S = 1 : z
,
2

. 2 + 0 = ci(h)



Problem B: (b) Lagrangian and Optimality Conditions
Question: Write the Lagrangian for agent i and obtain the corresponding
optimality conditions.
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Objective !
max

function Eacilo, ca
[unciperoncics)

Budgens : St.+ 1)+ (p+ 1) = c + zi2. +z (t= 1)

ziz y'(s) + ziy(s) = (is) (for s= 50, 13,
t= 2)

2 : mci + oi(z( + 1) + z(P + c) - c - ziz - zip)
+ p[(π(s)mCi(s) + Ej(s)[ziz y(s) + ziz y(s) - c(s)]3



Problem B: (b) Lagrangian and Optimality Conditions
Question: Write the Lagrangian for agent i and obtain the corresponding
optimality conditions.
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2 : mci + oi(z( + 1) + z(P + c) - c - ziz - zip)
+ p[(π(s)mCi(s) + Ej(s)[ziz y(s) + ziz y(s) - c(s)]3

scz + O

(ics] / ISBE -S

[z123 -Gip + B(s)y(s) = 0 -> P = Bis y(s

Ezi23-Op + Br(s)y(s) = 0 -> P =

B y(s)



Problem B: (b) Lagrangian and Optimality Conditions
Question: Write the Lagrangian for agent i and obtain the corresponding
optimality conditions.
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Note that the multiples one not the

(The same but with the summations open) some just bes I did

not put them inside

max S mci + B
. 0

. 5 . In (0) + B
- 0

.

5 . In 22(1) 3. the B by choice.

[ci ,
cica,3

S .
t .

(1) zi(P? + 1) + z(+ 1) =+zi + zen (t = 2)

(2) zir + 2 zin = ci(0) (t=2
,

s=0

(3) 2 ziz = ci(h) (t= 2
,

S=1)

2 = mci + p
. 0

. 5. Inc(o) + 3
- 0

.

5 . Inc(1) + Witzp+1)+z+ 1)- -z -E]
+ vo) [zz+ 2zir-ci(d] + ril[zziz-c2(1)]

qcz , scos , gy , LE2] ,
<z2]



2 = mci + p
. 0

. 5. Inc(o) + 3
- 0

.

5 . Inc(1) + Witzp+1)+z+ 1)- -z -E]
+ vo) [zz+ 2zir-ci(d] + ril[zziz-c2(1)]

E 3 ↓
i

= ui

scos3 30.

5 1 = 2210)
Ci(p)

su] po.
2

t
= V2()

471,23 vipi = r2(d) + r() . 2 ->=+
Sz2] Lip? = Vice). - p = 2 vid



from stary p

=
Note siz t = :

scos3 30.

5 1 = 2210)
Ci(p)

In11) /05 10u-

= C (a consent)

973 Pi = c +L ==
: Risk sharing !



Problem B: (c) Competitive Equilibrium Conditions
Question: State the conditions for a competitive equilibrium in this
economy, ensuring all market clearing conditions are included.
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A competitive equilibrium will be:Given initial holding for assets Zi , z2n)

(A) allocations : Ci
,

ziz
, z22 for i = <A , BY

S for i = <A , B3 5 = 10, 13

(B) Prices : Pi
,

p?

such that

(1) Agents A and B solve the problem in (b) [max utility given B
.

C
.]

(2) Markets clear :

Tree 1 Eit + zt = 1 ,
= 11, 2) Output/Fruit + = 1 c + c = 2

A
Goods mkt : t= 2 c

*
(s) + c(s) = y(s) + y(s)

Tree 2 Zyt+ = 1
,

+= 91, 23 = 3 - 5
,

s = 40, 13



Problem B: (d) Initial Stock Allocation and Market Prices
Setup: Suppose initial stock holdings are:

zA1,1 = 1, zA2,1 = 0, zB1,1 = 0, zB2,1 = 1.

Question: Characterize the stock prices and consumption allocations. Are
agents able to fully insure? Explain.
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are agents able to fully incre ? Yes. markets are complete

from F. O.C ·

)) and = w pdf sidena

For each state of the world,
consumption growth is equalized acron agents.



I used11) c)

(2) =

(3) p = 2 vid= for A
,

B

(t)=+= 05+
(3) c = z-cB

(6) c
*

(0) = 3 - (0)

(7) C2A(1) = 2 - GB(1)



and finds=

=

= B

Pi = I



Problem B: (e) Alternative Initial Stock Allocation
Setup: Suppose initial stock holdings are:

zA1,1 = zA2,1 = zB1,1 = zB2,1 = 0.5.

Question: Will stock prices di!er compared to part (d)? Why or why not?
Explain and show your work.
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stock prices will not differ.


