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Plan for Today

Review: Date 0 vs Sequential Markets
Lucas Tree From Class
PS2 Problem E: Risk Sharing

PS2 Problem D: Lucas Tree and Storage Technology (Midterm 2024)
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Goals for Today

» We want to be sure we can set up a general Lucas Tree problem

» For that we need

1. Some understanding of what Arrow Debreu Date 0 and Arrow Debreu
Sequential Markets are

2. A lot of practice!
» We will do a quick review and then jump to 3 practice questions:

1. Class Example of Lucas Tree Economy

2. Problem Set 2, Problem E (Part I1): Risk Sharing and Lucas Tree
Economy

3. Problem Set 2, Problem D: Lucas Tree and Storage Technology

3/24



From 210A

Question in Class: Does the relationship between AS and AD has anything to do
with SoM and Arrow Debreu Equilibrium?
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3. Arrow Debreu Date-0 Equilibrium (Lecture 6)

» Difference btw 1. and 3. is mainly when trade occurs

1. SoM:

» Trade happens in every period
» There is a budget constraint for the household that needs to be met each
period

3. Arrow Debreu Date-0:

> All trade happens at date 0. There is a price for consumption in each
period(-state). When a period(-state) is realized, agents settle their
obligations by exchanging these claims for consumption, but no further
security trading takes place.

» There is only one budget constraint for the household, corresponding to
t=20

» Sounds familiar?
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Date 0 vs Sequential Markets: Arrow Debreu Securities

Arrow Sequential Markets

Arrow Date-0 Economy
Equilibrium concept: An equilibrium is

allocations {c/(s*)}¥, and prices q°(s")
for which:

1. Households Optimize

max ZB Zu(cts (st
=0

{c st }t

s.t. Z Z cz(st)q?(st) <
t=0 gt
oo
PP ED
t=0 gt

2. Markets clear

N

N
ny(st) = Z c(s) Vi, s
i—1

i=1

Equilibrium concept: An equilibrium is

allocations {c/(s*)} ¥, and prices Q;(s¢11|s")
for which:

1.

Households Optimize

max ZB Z ct(s Y (s")

s.t.

9} =0 ot
(s + D alia(sern, s Qelsera | )
St+1

< yi(s') +aj(sh), Vt,s

2. Markets clear

Zy,(s =Zci(st) vt, s

i=1

N
i t t
E :at+1(5r+1,5 )=0 Vit,s
i=1
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Asset Pricing: Notation

s;: event happening at t
s': state, history of events that happened until t {sp, s1, ..., 5:}
7(s"): probability of state s*
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st = (5441 | sP) realizes
» Q:(st+1 | s*): price at t (s') of an AS security that pays 1 at t + 1 if
st+1 realizes
» a,:1(St+1,5"): holdings chosen at t (s'), to carry into t + 1, of AS
security that pays 1 at t + 1 if s;41 realizes

— Equivalence: q?+1(5t+1) = Qt(5t+1 | St) q?(st) (under Complete Markets!)
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Lucas Tree From Class

» Large number N of infinitely lived agents starting at t = 0, each owning
a tree that bears d(s;) fruit (output) each period, process for d(s;) has
Markov property: 7(s;|st™1) = m(s¢|s¢_1).

» Fruit cannot be stored, has to be consumed or sold.

» Each period there is a market for trees (or stocks on trees), with
ex-dividend price P(s"), stock holdings at the beginning of time ¢ are
denoted by z.

» Each period there is a market for risk-free one-period bond paying a
gross return Ry, bond holdings at the beginning of time t are denoted
by b;.

» Each period there are complete markets for Arrow Sequential (AS)
securities, AS holdings at the beginning of time t, in state st are
denoted by a;(s?).

» There are “natural’ borrowing constraints for bonds and AS, and
short-sale constraints for trees.
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Lucas Tree From Class

max "33 u(cl(s(s")
{cils)} =5

St’

» N identical agents, perfectly competitive markets.
> Assets: Risk-free bonds, Stocks (claims on fruit), AS securities.

Source of funds:
. . . €
Zi(d(st) + Pe(s")) + al(s") + Reb] v Es
Use of funds:

cl(s*) + by + Pe(s)zl 1 + Z api1(ser1,5°) Qelseyalst)

St+1
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Lucas Tree From Class

Household Probem:
max Bt (st
o t)}z Z (s")m(s")

s.t.
z}(d(se) + Pe(s"))+ai(s')+Reb} > cl(s')+bl1+Pe(s)zl 1+ abia(seen, s7) Qelseals’)

St41

vt, st
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Lucas Tree From Class

Household Probem:

max Zﬂfz (s)m(s")

{cl(s)} = o —_—

s.t.
zi(d(st) + Pe(s"))+al(s")+Reb} > cl(s")+b1+Pe(s)zl 1+ abia(ser1,5") Qe(serals?)
St41
vt, st
Lagrangian:

L= Zﬂ Z{u ct(s N7(sH)+

ALY [ (dls) + Pels) + ai(s") + Reb| = €[(s") = by = Pe(s)zlq = D alia(sts1, ) Qulsesals') }

St+1
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* every S wnbe written @ St = (50,6159
so St = (S ..., S0, St,S60) = (55, Se41)

Lucas Tree from Class

5 M= (S0, 8%)
e ($57) = Al (Se11,5°)

L= Zﬁ Z{ (ci(sNm(s)+

A

([ (d(s0) + Pe(s") + ai(s") + Reby = ci(s') = by — Pels)zly = D ahia(stra, s) Qelsesals’ )]}
St+1

Optimality conditions:
(i) B UEENTE) - F AL =0 2
r\bmj ety + f z A (&) Rir=0

se!

S AR + N (&) (dlsen)t Py ($) = O
S
=

{z&ﬂ:

b (w5 §e = AB) Retsais) + P Ak 1 = O
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§
= G (Suz, 1) Qe (Suz|s5') ] + -
Stz
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PS2 Problem E: Risk Sharing

Consider an economy with two agents, A and B, each receiving an endowment of
consumption good every period according to the following processes:

Agent A : ytA(st) =1+s, and AgentB: th(st) =1-—os,

where o € [0, 1], and s; can take two values, s; = 0 with probability 7, and s, =1
with probability 1 — 7. The consumption good received each period cannot be
stored, so if not consumed it perishes.

Both agents have logarithmic utility functions and maximize the expected present
value of lifetime utility denoted by:

iﬁtz Inci(s)n(s"), Be€(0,1) for i=AB.
=0 st
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where o € [0, 1], and s; can take two values, s; = 0 with probability 7, and s, =1
with probability 1 — 7. The consumption good received each period cannot be
stored, so if not consumed it perishes.

Both agents have logarithmic utility functions and maximize the expected present
value of lifetime utility denoted by:

Zﬁtz Inci(s)n(s"), Be€(0,1) for i=AB.
t=0 st
(Skipped) Part I: Arrow-Debreu Economy (a), (b)

In this part, we consider an economy with a complete set of Arrow-Debreu
securities available for trading before time 0.
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PS2 E Part Il: Lucas Tree Economy

In this part, we consider an economy with only two assets. Suppose now that
the stochastic endowment of each agent, yl(s;) and y?2(s:) above, represent
the fruit dropped by a tree—Tree 1 for agent A, and Tree 2 for agent B.
The two assets in the economy are the claims (i.e., stocks) issued by the two
agents on the fruit dropped by their respective tree. The total claims issued
for each tree are normalized to 1.

Denote the holdings of stocks on Tree 1 by agent i at the beginning of time
t by z{ ,, and for Tree 2 by zj ,. As usual, we assume that stock holdings
cannot be negative. No other assets are available in this economy.

(c) Write the Lagrangian associated with the maximization problem of agent
i in this economy and derive the associated optimality conditions.
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PS2 E Part Il: Lucas Tree Economy

(c) Write the Lagrangian and derive optimality conditions

Household Problem:
max Zﬁt Z Incli(s*)m(s?), for i=AB.
N 4

s.t. FOURCES 2 VYES Vt, st

i i (I 2 i
BC: oz ( \jlgsk) + P'b\s*) + Zzlk (‘th(Su) *Pztﬁsb)) 7 Z;un Pe(s) + 220 PE(S®) ckst)

N ! 1 2z
veces 2 L (s + Al + 2z (Yes) T PE))

. ) .
Uses - Z:H'l P () + 22t Pe(S) + ¢t (st)
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Household Problem:
max Zﬁt Z Incli(s*)m(s?), for i=AB.
N 4

s.t. Z:t ( \31(50 + s + zzik (\jlus\,) *PltLSb)) 7 @ by () + 2260 s (5% + c(st) Vt, st

Lagrangian:

2 5¢ z { 0 GV T(sY) + AL(St) [ g hlon)+hu0m) + 2l gr (5T AEC) —
to s )
Ziect PL(gt) — Zabr1 P (8°) - cé“&)J}
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PS2 E Part Il (c) Optimality Conditions
(c) Write the Lagrangian and derive optimality conditions
Lagrangian:
Z { In q mst) + /\E(st [z&[jkue)we t)J+Zze[jt(§t)T Pt (sf))-
Zhect () — 2ot PE(5H) - Cz((e)J }

R i ity = M
{CL(SQJJ N C‘T(.V_] mis) - Pt/\L(St) =0 = XNl) )

S AL ) + z, N () ol Pinls™)) = O

51 = pZ /\mls"") (',|m($m)+ (’wls '))
#A(SY) PiLst)

{ngj

{Ziw} —P )e (st P (st) + (’m Z /\tﬂ (s*) ( 3&«1 (Se) + Pm(S“'))

= 1 )vm (s*") l‘{ml&m)* Pu.(s“"))
“PE Nw PE)

14/24



% Gift PSZ E I Pack (d)

(d) | rom  FOC, wwaw  FYAP hketds 1= E(mR)
{Z‘M} 4= pZ Auist) (et Ans)
L) PUst)
i B Ao (591) [ fere(Sea) + P ()
{ZLH4} 1 = P §Zﬂ I\ 1) PE(SE)
n(sﬂl)
H e tt i et
{(t‘;[st)j - Ciuls™r) - w(s™) c:(s) -
[I'(St) et Cun(8*)
cds)

L) = m(Sen, Sk, Sen ) S)

TT(e) = LSt Sty -y Se)
C‘; wondahonod T2

TS, Sy ) = T (564 | 86-y32) - (3870 $0)
= s

o (s \seas) = TS 1SH)
mst)



oy b

i 1 "
{7 1= Z p ) (Yen ()t Pun(s™)

s PS*)

Mt (S) R1,t+i(s"')

. . .
: [ Yora(Sn) + o (s57))
{ sz} 1 = %«. g e
—_— — L——V_J
L M (551) Reen(sH*)

W @S 0 m in whion T mlhply ech ferm  X(5) B fue  probabiliby
fat 's"  octurs = AN expectation !

E(x) = Z Xis)-Pr(s)
S

= {‘t;m} 1 B [ met Rwu] I ETAP )

[}

{ Zim} 1 Et [mpm kl,m] /



EXTRA \.\. T mt mandatry © put e conrant nhce

e p But & needs fo ke wae > /
p heeds Zod

Becouot  Budgebt tontraunt  hdds y ¢, st Il

W fwe  wwuous

max 2T ed(s) TS
&

=0

-

Sk, Zie (Y8 ¥ PUs) + Zp (WD RED) 2 B 18D By + RED e + Chs) Y L &
[~}

_— R @ . . . X )
1.z IS g e () T(st) + s AU (206l Y () ¥ PLS) + 2 (1) + R1S%Y) = phtsd Zhans = RE68) 2 chis)
:o

fala] £ = Xe)

G

feued NP = 2 (st) (Yo () +Ra() ] = 4 = 2 X&) gy 9 4 B (s
St

S piese) PsH

{md © N RIS = 3 N () [gal) + Pl )] 4 = 0 NS eu(st) + (s
P St" N[ (t) Pbl R ¢)



PS2 Problem D: Lucas Tree and Storage Technology
(Midterm 2024)

Consider an economy populated by two agents, A and B. Each agent owns a
tree that drops fruit every period according to the stochastic processes:

Agent A owns Tree 1, fruit: y{(s;) =1+ s;,
Agent B owns Tree 2, fruit: yZ(s;) =1—s,

where s; can take two values, s; = 0 with probability 0.5, and s; = 1 with

probability 0.5.

The fruit received each period can be stored using a storage technology so
that for each unit stored, the agent gets «y units of fruit next period, with

v € (0,1).

Both agents have logarithmic utility functions and maximize the expected

present value of lifetime utility:

iﬁmecg(sf)w(sf), Be(0,1), for i=AB.
t=0 s
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PS2 Problem D: Assets and Market Structure

The state sp is unrealized when agents solve their maximization problem, so
so = 0 with probability 0.5, and sy = 1 with probability 0.5.

There are two assets in the economy representing claims (i.e., stocks) issued
by the two agents on the fruit dropped by their respective tree. The total
claims issued for each tree are normalized to 1.

> Denote the holdings of stocks on Tree 1 by agent i at the beginning of
time t by z; , and for Tree 2 by z; ,.

» The assets are traded in perfectly competitive asset markets at the
ex-dividend prices P{(s*) and Pi(s!), respectively.

> Finally, denote the fruit stored by agent i in period t to be carried into
period t + 1 by k{ ;, where ki, ; > 0.
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PS2 Problem D: (a) Budget Constraint

(a) Write the per-period budget constraint of the agents in this economy.
The budget constraint for agent i at time t is:

where y{(st) represents the dividend payout from Tree j. The agent can use
income from endowment, asset returns, and storage to finance consumption
and asset purchases.

vses - c{ ) + Rett + 2 Pf,,(s*)* tz‘etll’ilctt)

FORCES ©  Zhe (4054 PLISY) + 2b, (O p2(s)* Y R
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PS2 Problem D: (b) Lagrangian and Optimality Conditions

(b) Write the Lagrangian for agent i and obtain the corresponding
optimality conditions.

Hint: Make sure to include the non-negativity constraint on k{,, > 0; you
can ignore the transversality conditions.

L= Zﬁf{zmct )+ Ai(s )lzé(P%(s‘)w:(st))
+ 25t (P2(s") + y2(st)) + vki

- c{(st) - Z£+1Pt1(5t) - Z£t+1Pt2(St) - £+1

+05(s") £+1}
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PS2 Problem D: (b) Optimality Conditions

The optimality conditions are

{c'(s")} m(s*) = Mi(s)

1
ci(s)

{Hen} - (s + BY [Pha(s™™) + v (ser) | Xepa (5°)

St+1

{25001} = N(SPE(s) + 13 Z [Pr2+1(5t+1) + ,Vr2+1(5t+1)} A (s

St4+1

{kla} =AY+ By Y Aiga(s™) +6i(s") =0

St+1

CS {0'(s")} 0i(s")kiyy =0, 0i(s") > 0.

for i = A, B, and for all t's and s'’s.

=0

=0
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PS2 Problem D: (c) Market Clearing and Risk Sharing

(c) State the market clearing conditions for the economy.

Market clearing for fruit (output)

Do)+ Y K =yi(sH+r Y K, Vst

i=A,B i=A,B i=A,B

Market clearing for claims on trees:

Z th =1, Z zé"t =1

i=A,B i=A,B

Evaluation: Can you evaluate if the agents are able to fully insure and
obtain consumption that does not depend on s;? If yes, why? If not, why
not?

Hint: Guess a consumption path independent of s; and check whether the
optimality conditions and the market clearing conditions are satisfied.
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Useful Summaries
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Arrow Debreu Date 0 Economy

max Zﬂfz s)n(st)

> Y el < Y
t=0 st t=0 st
From FONC:
I( At
() = G ey vt
An instance of Fundamental Theorem of Asset Pricing!

P E; [waz+1(5)}

In fact, you can use q2(s?) to price any asset:

B = 33 (st
t st
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Fundamental Theorem of Asset Pricing

P’ = E[m(s)x'(s)]

Pf; = Et[mt+1(s)x{;+1(s)]

u'(ceta(s))

u'(ce)

P{ =E [5 X£+1(5)]
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Asset Pricing: Summary
Three cases in discrete time:
» Arrow Debreu Markets:

» All trade happens at time zero
> Prices of AD securities are g2(s")

» Arrow Sequential Markets:

» Each period you trade securities to cover the following period risk
> Prices of AS securities (given time t and s*) are Q¢(s¢+1 | s¥)

» Lucas Tree Economy

» You trade at each period looking one period ahead
> At least you will have one asset. A “tree” z: that pays dividends dt(st)
and has a price P;.

> You might also have more (different) trees, bonds, AS securities.
Useful:

» Fundamental theorem of asset pricing:

P = E[m(s)x(s)] = E[m]E[x] + cov[m, x]
> Equivalence between AD and AS: ¢%1(s"™) = Q:(se11 | s7)qP(s")
> Pricing of an asset: p° =3, 3", q2(s")x(s")
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