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Plan for Today

Phase Diagrams: Foundations

Example: Neoclassical Growth Model

Practice Question: PS1 D. Natural Resources
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Some Definitions

»> System of Ordinary Differential Equations (ODE): Set of equations involving
multiple interdependent variables and their rate of change to a single

independent variable (typically t). Example: 0]

%=

Wy = oYXz & DOk () = Alalt), xa(t), ... x(t), )

)X TR dXz & Xz(t) = f( 1(t), x2(t), - .,xn(t),t)

- Ax : —> x>0
Xn(t) = fa(xa(t), x2(2), . .. xa(2), 1) «— x<o

Where x;(t) = dx’ ) for each i = 1,2,. 1 37°

L y¢o

» Phase Diagram: Used to visualize the behavior of an ODE system (typically
with 2 variables). Includes:
> Loci:‘/Points were one variable is at rest, i.e. xi(t) = 0.
> Regions‘./Each locus divides the graph in 2 regions with respect to the
sign of x;(t).
» Winds: To illustrate change of the variable in x-axis (y-axis) we use —

(1)
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Building a Phase Diagram Xtt), y(t)

Think about a general 2 variable system (y and x) defined by the ODE:

ﬂf):ax—i—by—i—hr
y(t)=cx+dy+k .

X
1. Loci: graph the points (x,y) at which (1) x(t) =0 and (2) y(t) = 0.
x(t)=0 <:)ax+by+h:0(:>y:,%)<i_h
= b
y(t)=0 <:)Cx+dy+k:0<:>y:_fx_k

d a

2. Winds: Characterize the behavior of the system in each area divided by (1)
and (2) separately.

3. System Dynamics: Put (1) + (2) + Winds together and you have
characterized the dynamics of the system.

4. Stability: System can be globally stable, unstable or saddle-path stable.
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Building a Phase Diagram: (1) x(t) =0
1. Loci: graph the points (x,y) at which (1) x(t) = 0.

X(t):O(:>ax+by+h:0<:>y:fa

EX —h
2. Winds: Characterize the behavior of the system in each area divided by (1)
Y Slope :
Skep L. \ X=0 _a
Just graph 12
14
Y _ \—
X=0 70
7 X

Assume@g, d <0, b>0.
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Building a Phase Diagram: (1) x(t) =0

1. Loci: graph the points (x,y) at which (1) x(t) = 0.

)'((t):0<:>ax+by+h:0<:>y:fﬁxfh

b

2. 'Winds: Characterize the behavior of the system in each area divided by (1).
— Hint: Take (x, y) as given, then move y and see what happens to x.

STEPZ. Graph the
"winds" at cach Sde
9 X=0.

0t one hde we wild have
X>0 (), and at
He s wt wil hawe
ko 1e)

at (xy) X(£)=0
Tum at (% Y)

How? Heref me
%W‘dl 1 wplaured
in e Th.

Tabe a goint (%y) *
in Yyour Wocus x=0

Now fixing %, Choose 3’7‘1

Your pont S l)MA‘)

Now Obrout +he ODE
5 XlE)= ax+by+h =0
D xlb) = oax + bod+h 70

Assume a,c,d < 0, b > 0. (becavse 07 0)

't

In TA we also did it for 3"<\3, .
oo gk
xi) = ax + by+h< O

]
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Building a Phase Diagram: (2) y(t) =0
1. Loci: graph the points (x, y) at which (2) y(t) = 0. rJ_\r

Y(t):0<:>CX+dy+k:0<:>y:7£X,k

d
2. Winds: Characterize the behavior of the system in each area divided by (2).
agqoun
ppt
now for Y

g0

Assume a;cjd <0, b > 0.
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Building a Phase Diagram: (2) y(t) =0
1. Loci: graph the points (x,y) at which (2) y(t) = 0.
y(t):O(:)cx+dy+k:0<:>y:f§xfk

2. Winds: Characterize the behavior of the system in each area divided by (2).
— Hint: Take (x, y) as given, then move x and see what happens to y.

Agam Take (% Y)

whow 3“):0) ‘ l.d,
fepz 50 jlt) = ex+dy+R =0
o |
6:0 Fixma tJ, imagine o/ wu

o an X/) X/>X.

lor X" , x"<x) ,
Your s point 1S (Xiy) e
(or (K7Y) @)

Nole j(b)zcx’+dy+k <0

jlo=c tdy+k 70

Assume a,c,d <0, b > 0. (becouge C<0)
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Building a Phase Diagram: System Dynamics

3. System Dynamics: Put (1) + (2) + Winds together and you have
characterized the dynamics of the system.

>< Adrlermi (s tj
WM =, — armws

8 kL r ingy all
1, { arows

ow/ua,«és_‘l

* »aw towd have
mart fwom me )(
log bec eadn Xj=0
bt samt fua Uolds, tach loo kparaHs ue plane in fwo regons wr. do the mavemont of
e vasadte | ®
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Example: Neoclassical Growth Model

oo 1-n _ 1
max/ ef’”L dt
0

1-n
s.t k(t) Af(k(t)) — ok(t) —c(t), ®
k(0) = ko > 0,
k(t) >0 um k)20 = —T™C
t-o
H(t) = C(ti — 1 + u(t) [Af(k(t)) — 0k(t) — c(t)]

Conditions for an optimum
(M #He =0 (@ ey -uty=0 7
@‘thk = ) -pAe) (k) i(t) — pu(t) = —p(t) [AF (k(t)) — 8] <
i T (1) k(t) = Af(k(t)) — ok(t) — c(t)
@G>> :TH“C ) TC lim e T u(T)k(T) =0 ulT) 2o
v I




Example: Neoclassical Growth Model

From
(c) <) —p(t)=0

0 pml;%“ (k) l:l(t) — pu(t) = —p(t) [Af'(k(t)) — 4]
) k(t) = Af(k(t)) — ok(t) — c(t)

ey

With these 2 equations we will follow the same procedure to characterize the
Phase Diagram.

Nole : Our goat 1SC0  grapn thue
P(AW auafram

in Hua plane

¢ amd
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Fram (6) ) (k) J‘O (i>
=M -n
(©) Cl) T omle) FO D yp) = cte)
(k) UlE) - paie) == W) [ AF )= ¢] [+ U = )
MLE)
we Leaaned Al = p+&E—AFRI) (4)
)
Now ftake 4 on leoHh &des g (c) ulk) = ecey™
dE
d o cte)y™
dt dt
N -n-4 -
A = —m )"t
al) = -m ce)”’ cle)
ML) cle)™
T
cle)
T (N (o= - (AF (1) ~

d0)

£ — [Aflu0) =)
prs- AFLRIE)

n

~n
/ Diude by 4lO= <

/ JCJ!

i-e) (Z



x(8) = ax+hyth
tj(e) :c,x+dj+k

Phase Diagram in Neoclassical Model

(k) k(t) = Af(k(t)) — k() — c(t) <
. C(t) i 1 7
& 9= (A k() == 5)

1. Loci: graph the points (k, c) at which (1) k(t) =0 and (2) ¢(t) = 0.

k(t) =0 <= c(t) = Af(k(t)) — ok(t) V
() =0 <= Af(k(t))=p+9
2. Winds: Characterize the behavior of the system in each area divided by (1)
and (2) separately.

3. System Dynamics: Put (1) + (2) + Winds together and you have
characterized the dynamics of the system.

4. Stability: System can be globally stable, unstable or saddle-path stable.
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Neoclassical Model Phase Diagram: k(t) =0

(k) k(t) = Af(k(t)) — k(1) — c(t)

1. Loci: graph the points (k, c) at which (1) k(t) = 0.

k(t)=0 <= c(t) = Af(k(t)) — 5k(t)
—J

=

2. Winds: Characterize the behavior of the system in each area divided by (1).

C
Step 1
d"ur’b graph
kit)=0
Clt)=AF(kit)-shLt)
is concave and

bns a1 o4 o
[ k=0, c=0)
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Neoclassical Model Phase Diagram: k(t) = 0
(k) k(t) = Af(k(t)) - dk(t) = (t)

1. Loci: graph the points (k, c) at which (1) k(t) = 0.
k(t)=0 <= c(t) = Af(k(t)) — 5k(t)

2. Winds: Characterize the behavior of the system in each area divided by (1).
— Hint: Take (k, ¢) as given, then move ¢ and see what happens to k.

@

ep 2. e b;) kE)=0
rom R=0, qrapn <— o (k, ) k(b <O
K k<o; > K>0) k:o c7c
—
k.
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Building a Phase Diagram: ¢(t) =0

© 55 = s (A ko) - p=3) @
Flew) = p+6
1. Loci: graph the points (k, ¢) at which (2) &(t) = 0. o / AiA )
Et)=0 <<= Af'(k(t)=p+9 ig) =(¥) PTJ

2. Winds: Characterize the behavior of the system in each area di{(ded _by (2).

o/k* O]
Shep 4 c

‘ : c=0
Ui geaph  c=o
Note s e ony
[ 0’Y| P‘; V\ﬂb Clay example o

m C.
Awe ) ong  vawe
o kb ok whm
é:ol k= hss h*
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Building a Phase Diagram: ¢(t) =0

. §5 -
© 55 = 2 (A ko) - p=3) k
1. Loci: graph the points (k, ¢) at which (2) ¢(t) = 0. A/

(t)=0 <= Af'(k(t)=p+6 — R*ﬂ(%é)

2. Winds: Characterize the behavior of the system in each area divided by (2).
— Hint: Take (k, c) as given, then move k and see what happens to ¢.

c c=0

70
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Building a Phase Diagram: System Dynamics

3. System Dynamics: Put (1) + (2) + Winds together and you have
characterized the dynamics of the system.

C

9
C
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Plan for Today

Phase Diagrams: Foundations

Example: Neoclassical Growth Model

Practice Question: PS1 D. Natural Resources
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PS1. D. Capital Accumulation and Natural Resources

Consider an economy with an aggregate output technology that depends on
human-made physical capital, k, and energy from a natural resource, z. The
technology is:

y(t) = k(t)"2(t)" 7",
where n € (0, 1).

At each instant, capital changes according to the law of motion:
k(t) = y(t) — Sk(t) — c(t),
where c(t) represents the flow of output consumed at t, § > 0, and k(0) = ko > 0.

The social planner aims to maximize the objective function:

oo
U= / c(t)e "t
0

where p > 0, subject to:

c(t)>¢c, Vt>0,
and ¢ > 0 is a minimal subsistence consumption level.
Assume the natural resource is renewable, with a maximal flow z > 0:

z(t) <z, Vt>O0.
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PS1. D. Hamiltonian and Optimality Conditions

(a) Hamiltonian and Lagrangian:

H = c(t) + u(t) [k(t)"z(t)*"

T — 6k(t) — c(t)]

with additional constraints incorporated into the Lagrangian:

£ = c(t) + p(t) [k(t)"2()*~

» State variable: k(t)
» Control variables: c(t), z(t)

(b) Optimality Conditions:

= 6k(t) = c(t)] + 01(t)(c(t) — ) +02(t)(2 —

otco (c) 1—p(t)+6u(t)= = u(t) =0u(t) +1
1,70 (2) w(e)(1 - n)k(r)"=(t ) —02(t) =0
~Fe=ite)-pute) (k) fu(t) = pu(t) = —Lx = p(t) [6 — nk(2)" " 2(£)* "]
Tu = RUE) (1) k(t) = k(t)"z(t)' ™" — 6k(t) — c(t)
(1) Ox(t)(c(t) —c)=0
(02) 02(t)(2—2(t)) =0

2(t)).
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. ( e ner 4o
PS1. D. Characterize steady state i:,rzmﬂ,tﬂ%m Z:;f::s; “

> Question (c) asks you to characterize a steady state for z, k, c, that is,
points at which 2=0, k=0,¢=0

» From (c) you learn z = 0 always, z(t) =z
> And

k(t)=0 <= c(t)=k(t)"z""" — 6k(t)
() =0 <= nk(t)" 2" " =p+4
» Question (d) asks you to provide conditions on the co-state for ¢(t) = ¢ and
c(t) = € (ss) to be optimal
» From (d) we learn that

while u(t) >1 = c(t)=c¢
when pu(t) =1 = c(t)=2¢
- _ N(t) _ n—1=1—n
> Note also that i(t) =0 <= o p+6—nk(t)" "z
> So if k(0) < k, /s < 0: agent chooses subsistence consumption level,
accumulates capital and watches y — 1

17 /22



PS1. D. Phase Diagram on the Space (k, 1)
The behavior of the co-state variable p(t) determines the following conditions:
>1 = c(t)=c, k=k(t)"z"7"—5k(t)—c
k=0 <= k(t)"z'"" =0k(t) +c

u(t)

. 1/(n—-1)
= s _ 5 (3+p
k=0 <<= k —z(n)

Great! Now follow the steps:
1. Loci: graph the points (k, 1) at which (1) k(t) = 0 and (2) ju(t) = 0.
2. Winds: Characterize the behavior of the system in each area divided by (1)
and (2) separately.

3. System Dynamics: Put (1) + (2) 4+ Winds together and you have
characterized the dynamics of the system.

4. Stability: System can be globally stable, unstable or saddle-path stable.

18/22



PSL. D. (1) k

w(t)

>1

0

= c(t)=c, k=k(t)"Z*"" —5k(t)—c
k=0 <= k(t)"2*7" = 6k(t)+c

units ¢ contumption

Gfapw\mlla‘ : Shit) + ¢
n_m
R(E) Z
1
1
E
1 1
Iss Iss k
ke K
(1) (2)
= c(t)=¢
k-0 — kss:z(m)l/(ﬁfl)
n

)

1. Loci: graph the points (k, ) at which (1) k(t) = 0.

2. Winds: Characterize the behavior of the system in each area divided by (2).
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PS1. D. (1) k=0

1. Loci: graph the points (k, z) at which (1) k(t) = 0.
2. Winds: Characterize the behavior of the system in each area divided by (£).

Step L Gragh ot Hu poinds (R,M) ok WhCh R=0

M
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)

SHp 2 © Winds: Characterize the behavior of the system in each area divided by (2).

vnits o congumpuon

Skhte

n_tn

R Z

fig vealt K and B

Noe tat k< kY
Ry

R <k
k7 kY

k.

ke &

au kol whon k= k(1) —6k(t) —c =0

de+c 7 RP2T 2 k= k(t)"2"" — 6k(t)—c <O
de+e< k"2 3 k= k(t)"2 " — 5k(t) —c 70

db +¢ < anH‘ S k= k(t)7z"" — Sk(t) —c 7 0
dk +¢ 7 k”é”‘ > k = k(t)"fl_” —Sk(t)—c <O



1) sz

R <Ry
k> b

k<Y
k> k)

Contarwahon
dk +C 2 knzﬁ'
de+c< B2

db+c < RZT
de+c 7 kR7ZT

D k=k(t)"2'"" —5k(t) —c < O
3 k=k(t)"2""" = 5k(t) —c 70

9 k=k(t)"z""" —6k(t) —c 7 0
D k= k(t)"21" — 5k(t) —c < O

.:O k:o
“| > <
55
kL Ky

T 1A



() ‘sps Conumnion

M
k=0 k=0
&~ — | &—
k=0
_______________ .‘________ [
D) (3) 2)




PS1.

1.

2.

oL
b

M=0

D. (2) ji =0
Loci: graph the points (k, i) at which (2) p(t) = 0.

/J“(t) =0 — % =p+ o — nk(t)nflzl—n - O

/
Winds: Characterize the behavior of the system in each area divided by (2).
"

) wi_|-
" M=0 &lf‘f& =nki) ¢ ‘_\!_l
prs = k3 /)
naz

=

1
3z (&*F)'n—i = klE)
m
= Ky
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(l) sh‘,? Z . Winds: Characterize the behavior of the system in each area divided by (2).

M = ot 8 k(e

x

M({) =0 <= hs“

-
k<l 5 B 50
A ) 2
uy<o v
st
>k =2 K <(¥ )

A 2

u) 70 1




PS1. D. (1) + (2) + Winds = Phase Diagram

) k0 ko

(2)
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Exiroc

Q)

(g}

OO(\NW‘W‘Oﬂ
k=0 M=0 k-0
<
VI -
""" gttt
’ Kk
K & By
congumphon n SS

Subsistence  Jwel  Lonfumylion



Ex

Noke tmak iF Re < BY ML D d = ¢
il MY ) c= T (k)= )

M
k=0 U:O =0
c
alk | B L
""" gt e
' R



