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Plan for today

General Midterm Review

Update to Overview of Growth Models from DS4

Practice Question: Dynamic Programming (Midterm 2021)

Practice Question: Endogenous Labor Supply in Neoclassical Growth Model (Midterm 2021)

Practice Question: Endogenous Growth through Expanding Varieties (Final 2023)
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What You Need For the Midterm

You will most likely find 3 or 4 questions asking about:

1. Dynamic programming
e Show a unique solution exists (Blackwell) - DS2

2. Some kind of Neoclassical Model

Formulate BSP recursively, define a solution (prove a unique solution exists, Blackwell) - DS2
Formulate the household problem recursively - DS3

Using FOC and Envelope, characterize EE, LL - DS3

Define a SoM equilibrium or RCE - DS3

Compare the BSP and markets allocations - DS3

Maybe: Does the model exhibit long-run growth?

3. Growth

Romer (2021) - Practice question in appendix
Two Sector Growth Model (2022)

CES Production Technology (2023) - DS4
Ak Growth with Human Capital (2024) - DS4

3/49



Tools for Solving a Model

The optimization problem you will need to solve might be:
e A Benevolent Social Planner (BSP) problem
e Sequential
e Recursive
e An agent’s problem (i.e. Household) in a decentralized equilibrium

e Sequential
e Recursive

Yo want to be comfortable with these tools:
e Transform a Sequential Problem (SP) to a Recursive Formulation/Functional Equation/Bellman
Equation (FE)
e Find the EE, LL. How?

(1) Manage your constraints. 2 alternatives:

1. Replace constraints in the objective function
2. Set a Lagrangian

(2) Using FONC, find EE and LL

e SP: FONC = EE, LL
e FE: FONC + Envelope = EE, LL
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Overview Growth Models (From DS4)

Exogenous Growth

Solow |
Neutral TFP growth

fke) =z k¢

Zer1 = ze exp(p)

rrie As k — oo: rre >0

gk 8k = gz = exp(p)

Solow II
Embodied TFP growth

fke) = ki

ker1 = Qes1ie + (1 — )k
qe+1 = qe exp(p)

rre As k — oo: rry >0

ge g =exp(17)

Endogenous Growth
AK

No decreasing returns to capital

f(kt) = Akt

rre Ask —oo0: re=A—6>0
8k 8k = I:B(A_'_l_(s)}l/"/
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More Growth Models

Endogenous Growth

Human Capital

Human capital type models get through decreasing mg returns to physical

capital by introducing a second productivity enhancing technology, education

Ye = f(ne, ke) = Ang~ “ k¢
keyi =it + (1 — )k
heir = he + 0(he — ne)
e h;: effective hours for production and education
e n;: effective hours destined for production

e h: — n;: effective hours destined for investing in education

MPK + (1 — 8)pj, ox 1ot
= = 1—
rry o alg =7 + ( d)
_MPH+Q1-68)py . 0 x
rhf—p;7 =(1-a) 150>

. h
with x; = f—i and z; = %{‘
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More Growth Models

Expanding Varieties
Endogenous Growth

M
Y, = n,}*a/ xe(1)*di
0

rre. Romer type models get through marginal decreasing returns to investing
in capital by expanding varieties M;.

gy We will actually arrive to a gy = [,B()]% of the Ak type
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Practice Question: Dynamic Programming (Midterm 2021, Final 2024)

For each statement, identify whether the claim is true, false, or uncertain. Justify your answer in a few
sentences.

a. Every decision problem can be written recursively.

False. Problem needs to be of sequential structure and stationary. Counter examples: time inconsistency,
history dependence.

b. If the flow payoff F(x,x’) is bounded, then there exists a unique bounded solution to the Bellman
equation.
True. A unique solution v exists because the Bellman operator T : B — B has a unique fixed point
Tv=uv.
Boundedness of F ensures T : B — B is a contraction (by Blackwell's conditions), so by the Contraction
Mapping Theorem, a unique fixed point — and thus a unique v — exists.
Extra: Why did we need A3 in class but not here?
A3 was used to guarantee T : Cg — Cp (continuity of the value function) via the Theorem of the
Maximum.
Here we only need T : B — B, which holds trivially when F is bounded.

A3: X convex, I : X — X non-empty, compact, continuous.

8/49



Practice Question: Dynamic Programming (Midterm 2021, Final 2024)

c. If the flow payoff function F(x,x’) is unbounded, then there does not exist a unique bounded
solution to the Bellman Equation.

False. Unbounded F means the usual sufficient conditions (Blackwell's contraction) do not hold, so we
cannot prove existence and uniqueness with the same tools.

However, this does not mean a recursive solution cannot exist. The recursive formulation may still be valid
and even have a unique solution—just not guaranteed by the Contraction Mapping Theorem.

If we redefine the state space so that F : X x X = R becomes bounded (e.g., restrict to a compact
subset), the result is recovered.

Example: The neoclassical growth model. Its payoff function is unbounded, but uniqueness still holds
once we restrict feasible capital to the maximum maintainable capital stock.

d. Suppose assumptions A3-A9 in Stokey & Lucas hold, then a feasible sequence {x;}22, can be
optimal even if

Fa(x{ s xév1) + BF1(xii1, Xi2) # 0

False. Stokey & Lucas Theorem 4.15: EE and TC are necessary and sufficient for a solution = there
cannot be a solution such that EE does not hold.

e. In growth models with neoclassical preferences and technologies, the economy’s initial conditions
do not matter for its long-run growth path.
False. True for exogenous growth model. Not for Ak or HK.
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Practice Question: Endogenous Labor Supply in NGM (Midterm 2021)

Time is discrete, t = 0,1,2,.... Households i € [0, 1] have preferences:
1—v 1+¢
c -1 l -1
i C7£ = - ’
ui(e, ) 1—»x ¥ 1+¢

with consumption ¢ and labor 4.

They supply ¢: at wage w;, save assets k; earning r¢, and face depreciation § € [0,1]. Firms are
identical and competitive, with technology:

Y = F(K,L) = AK?L'7°.

a. Define the Sequence of Markets Equilibrium given ko.
b. Write the household problem recursively and define the Recursive Competitive Equilibrium.

c. Using either characterization, solve for the market equilibrium. Show that hh allocations can be
characterized by two conditions: Euler Equation and the Labor-Leisure trade-off. Explain each.

d. Characterize the steady state. Does the economy exhibit sustained growth? Why or why not?

e. Suppose Air1 = Are” with g > 0. Does the model admit a Balanced Growth Path? How does it
depend on ~?
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Solution a. SoM Equilibrium given kg

N o S /e |
Households’ Problem: MaX (e, 00 kes1} 5% ;ﬂ [ tl = ¥ tl Yo ]
s.t. Ce + kerr < reke + wele + (1 — 8)ke + 7
ko given
Firms’ Problem: (Vt) == {;?;?Z;} AKD (LD — K — weN¢

A Sequence-of-Markets equilibrium consists of:
(i) household choice streams for consumption, work, and savings: {ct, £t kt11}52,-
(ii) firms’ choice streams for capital and labor demand: {K¢, L¢}°,.
(iii) prices streams: {wt, rt}2°.
Such that:
(a) Given (iii), (i) solves the households’ problem.
(b) Given (iii), (ii) solves the firms' problem.
(c) Markets clear:
o Lo =L = [}e(i)di=2
o Kae=Ke= [ ke(i)di = ki
o G+ Kepn = AK) (LI 0 + (1 - S)K:

e Due to free entry, there are zero profits: m = 0.
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Solution b. Write Household Problem Recursively and Define RCE

Transform the problem into a recursive form:

N it B
v(Ko, ko) = max [ _ ]
(Ko, ko) {ct,ét,ktJrl}tOio; 1—+ v e
1—v 1+¢ 0o 1-y _ e _q
G 1 b~ 1} § : i [CJ J
= max _ n B
{Ct*ftakrﬂ}?io{[ 1—v v 1+¢ Bj:oﬁ 1—v v 1+¢
1—v 1+¢
S -1 Z0 -1
T bk - + Bv(Ka, k }
{co,€0,k1} 1—x Y 1+¢ B ( 1 1)

Noting that the starting period is arbitrary this transformation is valid not only for t = 0, 1, but for any
t,t+1€{0,1,---}:

1—v 1+¢
c -1 14 —
K, k)= ma { —

K= ma T Vs

L suk, k’)}
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Solution b. Write Household Problem Recursively and Define RCE

Households' Problem: v(K, k) = max{c.exy {% - zr/zelﬁdjl + Bv(K’, k’)}
st. c+ Kk <wKU+r(K)k+(1—-08k+n(K), K =G(K)
Firms’ Problem: {maz;}w(K) = AK) (LY — H(K)K? — w(K)N?

A Recursive Competitive Equilibrium consists of:
i) a value function v(K, k) and policy functions c(K, k), k'(K, k), ¢(K, k)
i) a perceived law of motion for aggregate capital @(K)
iii) price functions w(K), r(K)
iv) firms policy functions Ky(K), Ng(K), 7(K)
such that:
a) Given (ii) and (iii), (i) solves the household problem
b) Given (iii), (iv) solves the firm's problem
c) Markets clear:
o KU(K) =k(K,K) = [ k(K, k)(i)di
o LU(K) =K, K)= [} UK, k)(i)di
o o(K,K)+ k' (K,K)=AK‘ K [LYK)? + (1 - §)K
d) Expectations are correct: G(K) = k'(K, K).
e) Due to free entry, profits are zero w(K) = 0.
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Solution c. Using either characterization, solve for the CE
Our plan is characterize the CE = Provide the set of equations that must hold in CE.

Today: RCE. If you want | can upload SoM.
Household Problem:

L= ma {Clﬂ_lfwzw_lm (K" K) AL (KO + w(K)E+ (1= 8k +7(K) — e — K]}
T U 1= 1+¢ s ' " "
FOC:
o 7T=2=0
£ =t +Aw(K) =0
K' 1 =X+ Bve(K' K)=0
Envelope:

vi(K, k) = A[r(K) +1 - 4]
vir (K k') = X r(K') +1 - 4]
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Solution c. Characterize the RCE

Households’ Problem:

Combining the FOCs and the envelope condition, we can derive an Euler Equation (EE) and a
labor-leisure (LL) conditions:

EE : ¢ =f[r(K)+(1-d)(c)”
LL : o =c "w(K)

Firms’ Problem:

max w(K) = AK))? (L))" — (K)K? — w(K)N?
{Kd,L9}

Y
K r(K)= 05

\4
L wK)=(Q1- 014
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Solution d. Characterize the Steady State

We drop subscripts and primes and state that every variable is expressed at the steady-state.
From the Euler Equation, we know that:

1
1=0[r+(1-9)] = r= B—(l—é)
From there, we can solve for the capital to output ratio in terms of parameters, using K¢:

0—=r = — =—

Y
K Y r
such that K/Y is in terms of parameters.
F(-,-) is CRS, by Euler's Theorem, Fx(K,L)K + Fi(K,L)L=Y = rK+wlL =Y.
Rewrite the budget constraint as:
C + Kiy1 = nKe + wele + (1 - 5)Kt =Y+ (1 — 5)Kt

In steady state:
C K
C+K=Y+(1-90)K = 771757
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Solution d. Characterize the Steady State

From the labor-leisure condition and the optimality condition for the firm, we know:

(1- 0)% =w, YL=C"w = ¢l®=CT"(1- 9)%
Solve for L:
L = [E(C/Y)—m—e)]ﬁy%
(4

Replace into the production function:

Y AKO 10

1+¢
1-0)(o+7)

[ema-o)]™
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Solution d. Characterize the Steady State

We can now solve for L:

= [ema-a) ™ a5’

and w:

W:(l—@)%
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Solution d. Characterize the Steady State

We have fully characterized the steady state in terms of parameters:

-~

<ln <Ix

~<

1
-9
6
r
1%

Ko ﬁ(iw) 1 1
A(V) [E(C/Y)_“’(l - 0)} 7

1—~
(1-0)(é+7)

A(v)
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Solution e. Balanced Growth Path

Suppose A;1 = Aret with > 0. Does the model admit a Balanced Growth Path? How does
it depend on ~7?
e In this case, the problem no longer satisfies the S&L assumptions since (k) is now
unbounded.
e Using a change of variables, denote A; = Ztl_g. You will realize that, in that case, the
problem is identical to the Solow | model presented in class.

e For full points, it is enough to state the fact above and state the growth rate
exp(p/(1 — 6)) and to state that the BGP only exists if y =1 .
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Solution e. Balanced Growth Path: Why v = 17

Ist note: g, =0
Suppose not.
o If g >0:
Ly=e®"ly = lim L; = oo,
t—o0
which is impossible since L; € (0,1).
e If g <0
Lt - ethLo = ||m Lt - O7
t— 00

implying zero production and zero consumption.
But this cannot happen in equilibrium because:

lim v'(c) = 0o (Inada condition).

c—0
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Solution e. Balanced Growth Path: Why v = 17

First-order condition:

YL =wic”
Taking logs:

logy + ¢log L = log wy — 7y log c;
and one period earlier:
logy + ¢log L1 =logw:—1 —ylogcia

Subtracting:

P8L = 8w — V8
We want gt =0 [logL:; = logL:—1]
Then:

8w = V8¢
If we know g = g, it follows that:
7=1

Intuition:
Substitution and wealth effects cancel out, so that even if the BGP exhibits increasing wages, labor
supply is constant.
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Plan for today

Practice Question: Endogenous Growth through Expanding Varieties (Final 2023)
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Practice Question: Expanding Varieties (Final 2023)

*Adapted for exposition and learning objectives
The household problem is:

0o 1—

max [ttt —
et ker,ne S8 1—v

st ¢+ kepr < wene + (1 + re)ke + 7y

Ogntgl

The economy has a representative final good producer (FGP) who creates output from labor and intermediates
inputs x(i, t), for i € [0, M(t)], with technology

M(t)
Y(t) = n(t)l_o‘/ (i, ) di
0
Intermediate good x(i, t) is produced by monopolistic firm i (IGP) with technology that transforms one unit of
final output into one unit of the intermediate good.
New varieties are discovered through investment in R&D. Total investment Z(t), gives
AM(t+1)=M(t+1)— M(t)=n-Z(t)
The PDV of a new discovery i in period t is given by,

0o
Tt

V(t)
( J:ZO 1 —+ rt+J
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Practice Question: Expanding Varieties (Final 2023)

1.
(Added)
(Added)

2.

3.

Characterize the household’s optimal choices of consumption, capital, and labor.
Write the profit maximization problem of the FGP.

Write the profit maximization problem of the IGP.

Derive the FGP’s demand function for labor n and intermediates goods x.

Solve the intermediate good producers problem and show that in equilibrium the owner of each

variety makes period profits.
1+
™ =(1- oz)aliﬂ

Derive the BGP growth rate of consumption and GDP-per-capita.
Formulate the Benevolent Social Planner’'s (BSP) problem.

Prove that the decentralized equilibrium is inefficient. Provide explanation for why the BSP
allocation differs from the decentralized market outcome.
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Solution: 1. Optimal household choices

.
at
max Eﬂt

e ke nt

st e+ kepr < wene + (1 + re)ke + e

0 S nt S 1
First note: No disutility from labor so nf =1
Lagrangian:
oo Cl—'y
E—Z/Bt[ t + At (wene + (1 + rep1) ke +me — ¢ — key1)
= Lt
FONC:
Ct . —’y = >\t
ke 0 A= BAepa(1+ rey1)
EE: .
C;
(il) =B+ resa]
Ct
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Solution: Profit maximization problem of FGP and IGP

The final good producer (FGP) profit maximization problem is given by

M(t) M(t)
n(t) = max n(t)lf‘”/ x(i, t)*di — w(t)n(t) — / p(i, t)x(i, t)
n(£){x(i,t)} 15 0 0

The period t profit maximization problem of the intermediate good producer (IGP) i is given by

w(i,t)= max  p(i,t) x(i,t) — x(i, t)
x(i,t),p(i,t)
Note: technology transforms 1 unit of final good into 1 unit of intermediate, so / needs x(/, t)
units of final good to produce x(/, t) units of intermediate good.
In HW3 Problem 2, to produce x(i, t) units of final good, i needs (1 + x(i, t)?) units of
capital, so mg cost is 3(1+ x(i, t)?)r;
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Solution: 2. FGP’s demand function for n and x(/)
M(t)

M(t)
max n(t)l‘“/0 [x(i, t)]“di — w(t)n(t)—/O p(i, t)x(i, t)di

n(t), {x(i, )} M)
FONC:

M(t)
n(t) : (1- oz)n(t)*o‘/0 [x(i, 1)]*di = w(t)
x(i,t)  an(t)7x(i, t)*t = p(i, t)

which results in the demand functions:

1 1 Me o -
n(t) = (1-a)iw(®) > VO [x(i, )] dll
x(i,t) = o= [p(i, )] T n(t)
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Solution: 3. Solve the IGP i problem

w(i,t) = max  p(i,t)-x(i,t) — x(i,t)
x(i,t),p(i,t)

IGP i internalizes the FGP demand for x(i, t)
ﬂ_(ia t) = I’T(13)§ p(X(i7 t)) : X(ia t) - X(i7 t)
x(i,t

-you can either replace x(i, t) or p(i, t) from the FGP demand-
From FGP FONC {x(i,t)} : p(i, t) = an(t)'~*x(i, t)*"* := p(x(i, t))

m(i,t) = n(ya>; an(t) ™ “x(i, t)**
x(1,t

(i, t) = n(ya>; an(t) " x(i, t)* — x(i, t)
x(1,t

-x(iyt) — x(i, t)

FONC
x(i,t) 042n(t)1_°‘x(i7 t“)o‘_1 —-1=0
In CE n{ =1, solving for x(i, t):
x(i, t) = atTa

In demand:
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Solution: 3. Solve the IGP i problem

In CE n{ =1, solving for x(i, t):

2

x(i, t) = at-=

In demand: g
p(i,t)za(aﬁ) =
Profits:
7T(i7 t):p(l', t)'X(i7 t)—X(i, t) = X(i7 t)(p(i, t)_l)
2 /1
= ava (s -1
= a%(l —a)
Note:
x(i,t) =al=a = X
. 1 _
pli,t)=— = P
ﬂ(/,t)—afjﬁlx(l—a) = 7T
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Solution: 4. Derive the BGP growth rate of consumption and
GDP-per-capita.

(1) Using EE, find an expression for g. and a condition on ry41 in the BGP
e From EE:

(Ctﬂ>7 = B(1+ req1)

Ct

Note that if there exists a BGP for consumption

2k

8 = % = [5(1 + ft+1)]

Then riy1 must be constant
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Solution: 4. Derive the BGP growth rate of consumption and
GDP-per-capita.
(2) From V(t), and free entry of new ideas, find 7
i t+J
Z (1 + rt+J)J

e Replacing 7, F:

i) = > (1ffy‘

=V

I
3

— e
~ A+

=i
~—

o Free entry implies: V(t+1)nZ;—(1+r)Z: =0 = Vnp=1+7F
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Solution: 4. Derive the BGP growth rate
GDP-per-capita.

(2) From V/(t), and free entry of new ideas, find 7

=)

e Replacing V=7 (

Vin 1+7
7 (1 + r) n 147
r
1
r
™ r
e In the BGP, the interest rate will be
r = 7n
a1
= o (1-a)

of consumption and
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Solution: 4. Derive the BGP growth rate of C and Y

(3) From AM(t+1) = M(t+1) — M(t) =n- Z(t) find a relationship btw gy and gz in BGP
e |t must be that gu = g7
(4) Derive gy and find its relationship with gy
Note

M(t)
Y(t) = n(t)H“/ di
0

= n(t)'7*x*M(t)
— ROM(Y)

_ Y(t+1) _ xOM(t+1)
® gy = Y(t) X;aM(t) = 8m

— In this 5 steps we found an expression for g, proved gu = gz and gy = gm (so gy = gu = gz)
(5) Finally, use good market clearing to find a relationship btw gy and gc
Good market clears: Y: = G+ X: + Z;
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Solution: 4. Derive the BGP growth rate of C and Y

(5) Use good market clearing to find a relationship btw gy and gc
o Good market clears: Y; = C; + X; + Z;

Y = G+Xe+Z: (1)
M(t)
- G +/ x(i, )di + Z: )
0
= G+ xXM(t) + Z: 3)
e Reordering
Ce = Yt—)_(M(t)—Zt
Cog: = Yogy — XM(0)gy — Zog7
o Recall gz = gn = gy
Gogl = Yogi —xM(0)gl — Zogt
08c o8y — xM{Y)gy 08y

= gy(Yo—xM(0) — Z)

e From (3) note: Yp = Go + xM(0) + Zo
— Co = Yo — )?M(Q) -2y
e Concluding gy = g¢
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Practice Question: Final 2023 - Expanding Varieties

(Added)

(Added)

Characterize the household’s optimal choices of consumption, capital, and labor.
Write the profit maximization problem of the FGP.

Write the profit maximization problem of the IGP.

Derive the FGP’s demand function for labor n and intermediates goods x.

Solve the intermediate good producers problem and show that in equilibrium the owner of each

variety makes period profits.
1+
™ =(1- oz)aliﬂ

Derive the BGP growth rate of consumption and GDP-per-capita.
Formulate the Benevolent Social Planner’'s (BSP) problem.

Prove that the decentralized equilibrium is inefficient. Provide explanation for why the BSP
allocation differs from the decentralized market outcome.
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Solution: 5. Benevolent Social Planner's Problem

BSP maximizes lifetime discounted utility s.t. resource constraint and production technologies

[eS] 1—~

o
max Zﬁt d

. M, —
{ee,Zeme x( 0} 0 Mo 0 L

s.t.
M(t)
Y: = ni_o‘/ [x(i, t)]*di (1)
0
Mt+1 = 7]Zt + M, (2)
Yi=C+ Xe + Z; 3
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Solution: 5. Benevolent Social Planner’'s Problem
[Just for exposition, useful for HW3] In HW3, Problem 2 language:

We know efficiency dictates cost minimization in every productive technology

M(t)
min / x(i, t)di
(t)Jo

(i, 039

M(t)
st Y(t)gn(t)l_a/o [x(i, )] di

M(t) M(t)
E:/O x(i, t)di—i—)\(Y(t)—n(t)l_a/o [x(i, £)]*di)

FONC
x(i,t) 1= dax(i,t)* ' =0
© 1= dax(i, 1)t
© 1= dax(M(t), t)* ! for i = M(t)
M(t) = x(M(t),t) — X(n(t)* " *x(M(t), t)*) =0
L x(M(t), 1) = A(n(2)" " x(M(t), 1))

*To learn how to solve for the FONC w.r. to M(t) see Leibniz Rule in following slide.
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Useful Tool: Leibniz Rule
Leibniz rule is useful for finding F'(M(t)) = % when /where:
. F( ()) *"(f)l * o Olx(i, )] di
° fo [X i, t)]di

Leibniz Rule

Say you have an integral of the form

b(x)
F(x) = / g(x, i) di

a(x)
Then the derivative on x is:

b X, i
F(6) = g0 609)- 50— g o) -0 + [ 20

In this type of model:
Fm) = [ (i)
F'(M:) = g(M;) -1
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Solution: 5. Benevolent Social Planner's Problem

In lectures’ language:
We know efficiency dictates cost minimization in every productive technology, think of the BSP
problem of choosing {x(/, t)},."it0 keeping M; fixed.

M(t) M(t)
max n(t)l_o‘/ [x(i, t)]adi—/ x(i, t)di
0 0

{x(i, 0}

with FONC:

Now we know
Xt

Y
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Solution: 5. Benevolent Social Planner's Problem
Now we know
Xt

M(t) M i
X = / [x(i, t)]di = / [ai=2 n]di = a1=a nM(t)
0 0
Y
. M(¢) ) M .
Yi=n 70‘/ [x(i,t)]*di=n 70‘/ [aT=2n]%di = aT=a nM(t)
0 0
e Use this to restate resource constraint (3) Y; = G + X: + Z;
Ct+Zt:Yt—Xt:(Oéﬁ—Oéﬁ) th

e And replace into (2) M1 — My = nZ;
e 1
M1 — Me = 77(Yt - Xt — Ct) =n (Otm - am) nM; — nCt
Mi1=n (aﬁ - aﬁ) nM; + My —nC;

My = [77 (aﬁ — aﬁ) n-+ 1] M; — nC;
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Solution: 5. Benevolent Social Planner's Problem

Original BSP:
[eS) C177
max i
et Ze,ne Ax( 0} e Mey 1} 22 ; 1—v
s.t.
M(t)
Y, = n,}*a/ [x(i, t)]*di
0
M1 =nZ: + M,
Yt - Ct + Xt + Zt
Now:
Z G Ct
{Cf7Mt+1}f o To
s.t.

My = [n(aﬁ—oﬂ (’)n—l—l] M — nGC
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Solution: 5. Benevolent Social Planner's Problem

Zﬁt

{et, Mt+1}t o =0

o Meia = [n (055 —a®5 ) nt 1] M=
Lagrangian:
0o 1 ol a 1
L= ZB‘{ +/\t([ (a”a“*>”+1]Mf"CfM”1)}
FONC: t
G : G 7=Am
Mey1 0 Ae=AeaB [77 (Olﬁ *aﬁ> "Jrl]

Euler Equation:

2

ggpz%: (,3 [’r](aﬁ —ozlla)n—f—l])
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Practice Question: Final 2023 - Expanding Varieties

(Added)

(Added)

Characterize the household’s optimal choices of consumption, capital, and labor.
Write the profit maximization problem of the FGP.

Write the profit maximization problem of the IGP.

Derive the FGP’s demand function for labor n and intermediates goods x.

Solve the intermediate good producers problem and show that in equilibrium the owner of each

variety makes period profits.
1+
™ =(1- oz)aliﬂ

Derive the BGP growth rate of consumption and GDP-per-capita.
Formulate the Benevolent Social Planner’'s (BSP) problem.

Prove that the decentralized equilibrium is inefficient. Provide explanation for why the BSP
allocation differs from the decentralized market outcome.
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Solution: 6. Prove decentralized equilibrium is inefficient

We have arrived to:

° g > g
1
g = (ﬁ [n [aka —alfa] +1D”
1
e _1 1 v
> ﬂ<1+7].(a1aa1a) a1a>:| = 8¢
o X > x:
)—<5P — alia
> ozlfa =X

e In CE, each IGP internalizes the demand they face, which implies they produce smaller amount
than efficient, at a higher price (P > MC).

e Because profits in the R&D sector depend on X, less varieties are produced in equilibrium which
leads to lower growth.

e Alternative interpretation: BSP values innovation more because each intermediate good is used
more intensively.
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Extra Slides on Expanding Varieties

e Even though it is a growth model, this practice problem was also about comparing the
Competitive Equilibrium and Benevolent Social Planner allocation.

e You might wonder what is the definition of the CE here.

e The next two slides provide the definition of the Sequence-of-Markets Equilibrium.
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The Household Problem

The household problem in this practice question was:

e} 1—v
c

max -

ct,ke+1,nt —0 1-— Yy

sit. ¢+ kepr < wene + (1 + re)ke + 7o

Ogntgl

e It might be weird to see capital here, when (1) households do not typically hold capital directly and (2) no
agent (firm) appears to be demanding physical capital in this model.
e To help intuition, you should think of k:;11 representing the amount of savings households choose to carry

into the next period.
Then, if at time t households hold k; units of savings (which they chose the previous period), they will
receive (1 + r¢)k: units of the consumption good.

e This is what we typically see in the consumption-saving problem. We can state the same identical problem
calling the "amount of savings" a; (for assets).

sit. o+ a1 < wene + (L4 re)as + 7t
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SoM Equilibrium

A sequence of market equilibrium in this economy consists of paths for prices {wx, rt, {p(/, t)}:\ito}?io and
quantities {ct, ne, ket1, {x(/, t)}?i‘o, Miy1, Ye, Z: 332, such that:

1. Households maximize utility subject to their budget constraint:

(ﬂ)v = B(1+ res1)

Ct

nt:1

2. The final goods producer maximizes profits:

M(t) 1/
n(t) = (1 — a)Y/*w(t)~ /e (/o [x(i, t)]“di)

x(i, t) = ¥/ (= p(i, )] /A=) n()
3. Each intermediate goods producer i maximizes profits:

x(i, t) = o?/(1=)

p(i,t) =1/c
4. Free entry in the R&D sector ensures zero profits: Viei(Mey1 — M) = (1 + 1)
5. The number of varieties evolves according to: M1 — My = nZ;
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SoM Equilibrium (Continuation)

Market Clearing Conditions:

1. Labor:
ng = 1
~ =
ntD ny
2. Capital:
t = kt
kP kS
3. Goods:

My
Yt:Ct+Zt+/ X(I,t)dl
0
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