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Housekeeping

e Midterm: Thursday, Nov 6
e Homework 2: This Saturday, Oct 25 via Gradescope

e Discussions
e Today: Growth (Lectures 7, 6, 9)

e Next Thursday, Oct 30: Midterm review
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Plan for today

Overview Growth Models

Existence and Uniqueness of Balanced Growth Path

Practice Question: Balanced Growth Path with CES Production Technology (Midterm 2023)
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Overview Growth Models

Two relevant objects (Lecture 7) T Pre =Pt = 1
_ MRKu1+Piea(1-6)
Ire Iy = t+1 Pk‘f, +1 -1 e = MPKuw + U-4) _ j_ = MPKut— L
, MPKew + UEE)
Bl BT Tk = h0-1

]

Vj Wolasyical amumpaEon :
bm k() =0 o Um = -3
. ®
Neoclassical Growth Model: Ko o

rri rry = fr(k) — 9, if k = oo, rry — —, so capital will not grow forever, reaching a ss

kt+1 = k¢

gk k=1

— Conclusion: Neoclassical growth model admits growth (only) when transitioning towards
steady state.
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Overview of Growth Models N

Solow |
Neutral TFP growth

f(ke) =z K

Zep1 = z¢ exp(p)

rre As k — oo: rr >0

gk 8k = & = exp(u)

Xt -exp) /ey
o) -

lﬂaXsn—wa& = M

Solow Il AK

Embodied TFP growth No decreasing returns to capital

f(ke) = ki

Fke) = Ak

ket = Ger1le + (1 — ) ke

qes1 = Ge exp(p)
rre As k — oo: rre > 0 rme As k —oo: e =A—6>0
g g = exp(£) g & = [B(A+1-08)"

5/20



Existence and Uniqueness of Balanced Growth Path (BGP)
Fixing concepts:
e SS: In a steady state, the economy stops growing because it reaches a constant level of capital.

e BGP: Economy grows at a steady state rate over time.

Relationship btw SS and BGP:

e In the Neoclassical Model, we proved existence of a unique steady state capital k*

k* =f"1 (% -(1- 6)>

e When trying to characterize a solution for Solow I, we noticed exogenous growth of z; made I'(k)
unbounded (violating compactness)

e By redefining all variables % = 3t we get a transformed model that satisfies S&L assumptions

e So the transformed model has a unique ss defined by

= - (- 0), f= et
o kT =tk kS ooy

e A proof of existence and uniqueness of a BGP.
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Extra :

What  is tue valve of
= -8 = oke - 0§
= (FI)—i(L ~un) o f o

f

L= (-6

’ .
= L - -8) ( )“"

; /
41
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Existence and Uniqueness of Balanced Growth Path

For Solow II
1. Transform to Solow I: k; = %
This transformation gives you Solow | with

[ Z = qt 1 Explanabion in nb  sude

«a
Zt+1 = eXP(l — H)
2. Transform to Neoclassical: k; = 5—:, where z; = (g¢z:)

With this we get a transformed model for which the Neoclassical Model results hold, so k* exists and
is unique
o k= Rz (0)350 ()T = exp(2p)
ke zt qt 1-a

e We have found g; = exp(ﬁﬂ)

1 _ ket g 1 _ o
e For finding gk note % = B = gy = exp(12 1)

e From the last equality we can solve for g

e en(; ")

e A proof of existence and uniqueness of a BGP.
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Practice Question: Midterm 2023

Problem 3: Balanced Growth with a CES Production Technology.
Consider the social planner's problem maximizing,

1—vy

= c
max Z Jjgma
t=0 1—v

Cto ket ne

subject to the aggregate resource constraint given by

¢t + kevr < F(ke,ne) + (1 = ) ke
where the aggregate production technology is in the CES family given by,
F(ke,ne) = Alakl + (1—a)nf]?
where 0 < o < 1, A is aggregate TFP, and p > 0 is a function of the elasticity of substitution o

between capital k; and labor n¢, such that

1
p=1-= <= o=——
o 1-p

where o < 1 when inputs are gross complements and o > 1 when they are gross substitutes.
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Practice Question: Balanced Growth with CES

1. Demonstrate that the CES production technology is more general than the Cobb-Douglas form by
showing that it is nested as a special case when o — 1 such that
lim F(ke, ne) — AkZny—®
o—1

Hint: take the log of F(k,n) to use L'Hopital's rule and the fact that if y(x) = a¥*) for some
constant a, then the derivative y'(x) = g’(x)a#™ In(a)

2. Prove that there exists a unique balanced growth path (BGP) when ¢ — 1 and TFP A; grows
exogenously at rate p > 0 such that, Note : " At qrows exogeaously ot mie M7

meons &:\‘_l = exp(M)
Aci1 = exp(p)A; Ac ’

Becoust We typcaky WAk i Log growtd
¥
\na Rett = logAL = M
3. Is sustained economic growth possible without exogenous increases in TFP A (i.e. 1= 0) when Qﬁa
o < 17 Explain your answer.

Derive the growth rate of GDP-per-capita along the economy’s BGP.

4. |s sustained economic growth possible without exogenous increases in TFP A (i.e. 1= 0) when
o > 17 Explain your answer.
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Practice Question: BGP with CES

2. Prove that there exists a unique balanced growth path (BGP) when ¢ — 1 and TFP A; grows
exogenously at rate p > 0 such that,
At = eXP(N)At
Derive the growth rate of GDP-per-capita along the economy’s BGP.
Solution: To prove existence and uniqueness of BGP, we will map this model to one we already know
and make a similar argument.
First, note that
lim F(ke,n:) = AkZny =
o—1
Also note:
1. Because there is no disutility for labor, n; =1
2. Defining z; as A; = zt t F(ke) = zt Tk

257 = exp(p)zi

(ﬁ)lia = exp(n)

Zt

Zi+1

" —e 1—a
2 xp(14)

Zt+1 _ exp( 1% )
z; 1—«
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Practice Question: BGP with CES

2. Prove that there exists a unique balanced growth path (BGP) when o — 1 and TFP A; grows
exogenously at rate u > 0 such that,
Acir = exp()Ar

Derive the growth rate of GDP-per-capita along the economy’s BGP.

Solution: To prove existence and uniqueness of BGP, we will map this model one we already know and
make a similar argument.

e Then our problem is equivalent to Solow | with

e We know Solow | has a unique BGP with

o)
11—«

gk =& = eXP(
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Practice Question: BGP with CES

2. Derive the growth rate of GDP-per-capita along the economy's BGP.

Alternative solution strategy: Given we can prove existence, here is a method to find the BGP.

(1) Set the SP and find the EE to get an expression for g.. What does it tell you about g, and gi?
(2) Use the resource constraint to find an expression for gx. What can you learn about g and gi?

(3) Using the production function, solve for gk
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Practice Question: BGP with CES

3. Is sustained economic growth possible without exogenous increases in TFP A (i.e. ;= 0) when
o < 17 Explain your answer.

Solution:
MPKty1+Pke12(1-6)

e Recall rry; = — 1
e To check if a production function can sustain growth we can check if limy_, o rry is a positive
constant.
o with Py 1 = Pre = 1:
It = MPKt+1 -0
e So we will focus on limy_ oo MPK

— Lets get to work: Find an expression for MPK = % under the CES production function. Use
ng = 1.
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Practice Question: BGP with CES

3. Is sustained economic growth possible without exogenous increases in TFP A (i.e. ;= 0) when
o < 1?7 Explain your answer.

Solution:
F(ke,ne) = Alakl + (1—a)n?]?
MPK = Alakl + (1—a)]? takf™!
—Alakl + (1—a)] # a(kl™Y) 7 5%
= Alakf + (1—-a)] 7 (k)7
1—p
=Ala+ (1-a)k "] 7 «
e We arrived to

MRK = aAla + (1— o)k ?]»
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Practice Question: BGP with CES

3. Is sustained economic growth possible without exogenous increases in TFP A (i.e. 1= 0) when
o < 17 Explain your answer.

Solution:

e We arrived to .
MPK = aAla + (1 —a)k, ?]» *

e Note: 0 <1 = p=1—-2<0
o limkoo MRK =0

— To see this note the expression inside brackets goes to co but the negative exponent explains the
0 limit.

e Concluding: No sustained economic growth.
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Practice Question: BGP with CES

4. Is sustained economic growth possible without exogenous increases in TFP A (i.e. = 0) when
o > 17 Explain your answer.

Solution:

e We have .
MPK = aAla + (1 —a)k; "]7*

e Note: 0 >1 — p=1—§>0
o limyoo MRK = Aa s
1

1_
— To see this note k; * — 0, so the bracket — a» ™"

e Concluding: limk_, oo MPK is a positive constant, and assuming its larger than §, the model does
support endogenous sustained economic growth.

Cool This is the Ak model with constant Aa%
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Practice Question: BGP with CES

1. Demonstrate that the CES production technology is more general than the Cobb-Douglas form by
showing that it is nested as a special case when o — 1 such that

lim F(ke,ne) = Ak nt
Hint: take the log of F(k, n) to use L'Hopital's rule and the fact that if y(x) = a8 for some constant
a, then the derivative y'(x) = g’(x)a¥™ In(a)
Solution:
e Note F(ke, ne) = exp[log{F(ke, n:)}]
log{F(ke,n:)} = logA + %log[akf + (1 — a)nf]
F(ke, n:) = exp(logA)exp(; log[akf + (1 — a)nf])
— A expl Lloglakf + (1 - a)nf])
lim,—o F(ke,ne) = A exp( lim,—o %log[ozkf +(1- a)nf])

e If we replace by p = 0 the expression inside exp is %, so we can use L'H for that expression.

17 /20



CES converges to Cobb-Douglas when p — 0

1. Hint: take the log of F(k, n) to use L'Hopital’s rule and the fact that if y(x) = a*) for some
constant a, then the derivative y'(x) = g’(x)a¢™ In(a)

Solution:
o If we replace by p = 0 the expression inside exp is %, so we can use L'H for that expression.
. Iog[aktp+(1—a)nf] limp—o ag"m
||mp_>0 dden
P limy_s0 Do

Onum __ 1 P P

— op m(@ék /ngt (1 — C()nt /ognt)
Oden __

- % =1

dnum

lim,—o B = = alogk: + (1 — a)logn;

log[ackf +(1—a)nf]
P

= alogk: + (1 — a)logn;

o Iim,,_>o
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CES converges to Cobb-Douglas when p — 0

o We found lim,_,o 2 log[ak? + (1 — a)n?] = alogk: + (1 — a)logn:
P P

e Replacing back into our expression for lim,—o F(ke, n:):
lim F(ke,ne) = A exp( lim l/og[aktp +(1- a)nf])
p—0 p—0 p

Iim0 F(ke, ne) = A exp(alogk: + (1 — a)logn;)
p—

/!iLno F(ke,ne) = Ak ni =
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Extra Practice

e Ak model practice in Appendix
e Midterm 2024 Problem 3: AK Growth with Human Capital.
e For more practice in finding the BGP

e Midterm 2021 Problem 3: The Neoclassical Growth Model with Endogenous Labor Supply.
Solutions: Discussion 5 Carlos Goes.

e Discussion 6: Endogenous Growth with Human Capital Externalities. By Minki Kim and
Carlos Goes.

e Access Carlos’ discussions here.

20/20



Appendix

Midterm 2024 Problem 3: AK Growth with Human Capital
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Midterm 2024 Problem 3: AK Growth with Human Capital

A representative household dynasty maximizes

0o 1—v
c
V(ho) = s
(ho) rg;ggﬂ T
with the evolution of human capital given by
hey1 = phe + er

and the resource constraint ¢; + e; < Ah;.

(A) Derive a condition on A and p for growth to be technologically feasible.
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Solution 3(a): Technologically feasible growth

1—y

V(ho) = maxZﬂth
et o -

hey1 = phe + e
¢t + e < Ah:

Note that this is the Ak model with e
t — €t

ker1 = hea
1-6=p

Growth is technologically feasible if A—6 >0 — A+p—1>0
We can alternatively arrive to a solution noting

m=A+p—1
And endogenous growth is technologically feasible if

limp_soorrhn=A4+p—1>0
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Solution 3(b): Value function is homogeneous in hg
Substituting in the constraints

V(he) = max Z LA+ )b = hm]H

heta 1-

st 0< heyr < (A4 p)ht
Using A+ = hth*tl the problem is

- o~ g1 [(Atp) =AM
V(ho) = max ;5 h; “/T
st 0< A <(A+p)

Note
t—1

he = Ae—1heo1 = Aecade2hez = [ [ ko
i=0

So

0<A:<(A+p)

1717 [(A+p) = A7
V(ho) =  max ;ﬂH,\ hg I

Which we can write as
V(ho) = hy "w

3/8



Problem 3: AK Growth with Human Capital

(Same context, adding the rest of the questions) A representative household dynasty maximizes

1—v

V(ho) = maxZBtf
o -7

s.t.: ht+1 = phf + e, and Ct+ et S Aht
(C) Explain computational and analytical advantages of models with homogeneous value functions

(D) Describe sufficient conditions for w to be expressed recursively, such that

A\
w:mfx{ Arp= A7

1—v
1=~ + B w} (1)

(E) Show that along the optimal growth path, the economy y: = Ah; grows at rate

2k

yy— — [BA+ p)]

(F) Describe how the economy’s growth path responds after an unexpected shock (e.g. war,
pandemic) which disrupts the accumulation of human capital.
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Solution 3(c)-(d)

(C) The fact that the value function is homogeneous in the state means you can scale up the state
variable and the value will increase in a predictable scale. Specifically, it is homogeneous of degree
1 — in ho, meaning that if ho is scaled by a factor, V/(ho) scales by that factor raised to the
power of 1 — .
The homogeneity of the value function allows for a reduction in the number of unique states that
need to be considered when solving the Bellman equation. Instead of needing to solve for every
possible level of human capital, we can solve for a representative level and use the homogeneity
property to derive values for other levels, which is a major computational advantage.
Finally, it provides analitical tractability.

(D) w needs to be bounded.
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Solution 3(e): Show BGP

Recall Equation (1):

W = max
A

{ [A+p— A"

+ﬂ)\177w}
1—7v

Taking the FONC w.r. to A:
A =(A+p =) 7 +B(L =AW =0
From which we get an expression for w™:

* (A—"_p_A*)_’Y
YT B =

Replacing back in the optimization problem and setting equal to w (following equation 1)

. [A+p—N]T

+/6>\*1—'yw*
1—~v

w
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Solution 3(e): Show BGP

L[A+P*>\*]17’Y +/8)\*17’y

Dividing by w*: 1= % e

(Atp=2")"7 1 _

Ba—pN = [Ap— AT + BAFIY

Replacing w* = A=

IR N A )

1=BNT[A+p— N+ A7

1 * *
B = AT AT
1
B AT
7y
g =Ate

*
ht+1

X' = [B(A+ ) =

Finally, from y; = Ah; note g, = gagr and ga =1 so g, = g
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Solution 3(f): Growth path reaction to human capital shocks

(F) Describe how the economy’s growth path responds after an unexpected shock (e.g. war,
pandemic) which disrupts the accumulation of human capital.

e In the Ak model there is no notion of convergence to steady state or balanced growth path
e If the economy gets shocked and capital is destroyed, the growth rate will be the same

e Note that the expression we derived does not depend on the capital stock h;

8/8



